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It is shown that the hypothesis of limiting fragmentation predicts the way in which the cross sections 
for production of fast particles in the laboratory should scale with beam energy. The agreement with ex- 
periment is investigated for the production of protons and pions in p-p and p-aluminum collisions in the 
beam momentum range 12 to 70 GeV/e. 
P r e s e n t  data on hadron-hadron  in te rac t ions  at 
c .m.  ene rg i e s  above a few GeY show that about 
80% of the c r o s s  sect ion is  ine las t ic  and that the 
number  of p a r t i c l e s  in the ine las t i c  f inal  s ta tes  
is  i nc rea s ing  slowly with c .m.  energy.  It has 
been sugges ted  by Benecke  et al.  that the g r o s s  
(and perhaps  even detai led) f ea tu r e s  of these  
m u l t i pa r t i c l e  final  s ta tes  can be sy s t ema t i zed  by 
what they cal l  the hypothesis  of l imi t ing  f r a g -  
menta t ion  [1]. F o r  the expe r imen t a l i s t  this hy-  
po thes i s  (HLF) b e c o m e s  a s t a t ement  that the 
d i f fe ren t ia l  c r o s s  sec t ions  fo r  p a r t i c l e  p roduc -  
tion approach ce r t a in  energy- independen t  l im i t s  
as  the beam energy  b e c o m e s  la rge .  
In this note we show that a) HLF  makes  def -  
ini te  and eas i ly  t es tab le  expe r imen ta l  p r e d i c -  
t ions for  fas t  p a r t i c l e  product ion in the lab, 
b) p r e s e n t  data a r e  in r e m a r k a b l y  good (although 
pe rhaps  not exact) a g r e e m e n t  with HLF,  insofa r  
as  the shapes  of the d i f fe ren t ia l  product ion 
c r o s s  sec t ions  a r e  concerned ,  c) it is ques t ion -  
ab le  whether  the magni tudes  of the c r o s s  s e c -  
t ions obey HLF.  In p a r t i c u l a r  the e m p i r i c a l  
sca l ing  law sugges ted  by Liland and Pilkuhn [2] 
g ives  shapes  which a r e  cons i s ten t  with HLF,  but 
magni tudes  which a r e  def ini te ly  inconsis tent .  
Predict ions  o f  HLF.  Cons ider  the co l l i s ion  of 
two hadrons,  B + T ~ B'f + T t ,  where  BI' and T t  
decay  into one o r  m o r e  p a r t i c l e s  in the f inal  
s tate .  (The poss ib i l i ty  that B~ = B or  Tt" = T is  
supposed to be  included here . )  In the language 
of HLF,  B~ and T'~ b reak  up r e s p e c t i v e l y  into 
one or  m o r e  f r agmen t s  of B (the beam par t i c le )  
and T (the t a rge t  pa r t i c le ) .  One f ea tu re  of HLF 
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says  that in the r e s t  f r a m e  of T, the d i f fe ren t ia l  
c r o s s  sec t ion  d ( l /d3p  for  finding a given f r a g -  
ment  of T in a vo lume e lement  d 3 P around given 
va lues  of P, and Pj_, is independent of the beam 
momentum Po.  (More p r ec i s e ly ,  the d i f fe ren t ia l  
c r o s s  sec t ion  approaches  a l imi t  as  Po becomes  
la rge . )  The v a r i a b l e s  P± and P ,  a r e  cy l indr ica l  
coord ina tes  in momentum space  along d i rec t ions  
pe rpend icu la r  and pa ra l l e l  to the ve loc i ty  of B 
with r e s p e c t  to T. A s i m i l a r  s ta tement  is made 
about the f r a g m e n t s  of B as  m e a s u r e d  in the r e s t  
f r a m e  of B. T h e r e  a r e  o ther  f ea tu re s  of HLF 
that involve the d i s t r ibu t ions  of groups of f r a g -  
ments ,  but we will  cons ide r  he re  only the s ingle  
f r agment  p red ic t ions .  It is impl ic i t  in HLF that 
m e a s u r e m e n t s  should be made in reg ions  where  
the t a rge t  f r a g m e n t s  a r e  not l ikely to be con-  
fused with the beam f ragments .  However ,  p r e s -  
ent data give us no c l ea r  indication of how to 
make this  separa t ion  s ince  the re  does not appear  
to be any deplet ion of pions or  pro tons  nea r  P* = 
0 in the c .m. ,  at p r e sen t  beam ene rg ie s .  We ~ i l l  
a r b i t r a r i l y  a s s u m e  that the region in the lab P ,  
5 GeV/c  contains negl igible  contr ibut ions  f rom 
f r agmen t s  of the ta rge t ,  and call  this the ' f a s t -  
lab '  region.  We will  ca lcula te  the p red ic t ions  of 
HLF for  this f a s t - l ab  region which, by our  a s -  
sumption,  contains only f r agmen t s  of the beam 
p a r t i c l e  5. 
:~ If we are looking at a particular fragment of the 
beam which is identical to the beam particle, then 
the additional difficulty arises that the case where 
the particle is one of several fragments of the beam 
cannot in general be distinguished from the case 
where the beam fragments into itself, leaving behind 
a fragmented target. For this type of data we are 
assuming that HLF applies to both cases so that the 
sum still obeys HLF. 
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Let us imagine  we a re  in the r e s t  f r ame  of B 
(primed coordinates)  with T coming in with ve-  
locity fl = Po/E o in the negative PH direct ion.  
(Po and E o a r e  the momentum and energy of B in 
the lab.) The pro jec t i l e  T causes  B to f ragment  
into a pa r t i cu la r  pa r t i c l e  for which the d i f fe ren-  
t ial  c ross  section d~/d3P~ = (2~P~) -1 d~/dPii dP~ 
does not depend on fl, according to HLF. We 
now imagine two s i m i l a r  exper iments  done at 
two different  values of fl (corresponding to two 
different  values  of Po) which produce two iden-  
t ical  f ragments  at a given Pfl and P~ in the B res t  
f rame.  If we t r ans fo rm these two events into the 
lab f rame,  their  coordinates  a re  given by 
(P±)I : (P±)2 : P~ 
(P,,)1 : ~I(P~ +~IE ' )  (1) 
(P,)2  = Y2(P,:+fl2 E ' ) '  
There fore  to a very  good approximation (pre-  
vided we avoid the region near  P* = 0 in the 
c . m . ,  i . e . ,  r equ i re  P ,  > (Po/2mT) t/2 mfragment ' 
in the lab) 
(P,,)2/PI, )I ~ Y2/Yl ~ Po2/Pol • (2) 
Likewise, the cross sections are related by 
(3) 
Eqs. (1) - (3) say that the quantity Po" d a / d 3 p  
is a function onl~ of P± and X = P , / P o ,  or that 
the density d~ /d°P  at a given P± and X is  p ro -  
por t ional  to 1/P o. In spher ica l  coordinates  this 
means  
( p ~  d~ (function of P and R = P/Po) (4) 
~-P~-5- -- ± 
where we have used the fact that P± << P, so that 
R ~ X .  
Measurements are usually made of d~/dPdi2 
at constant 0 ~ P±/P, with varying P. Thus we 
can rewrite eq. (4), neglecting terms of order 
0 2 , 
(p_~) ~ d ~  = (function of ~Po and R:lg/Po) .  (5) 
Eq. (5) is  p rec i se ly  the scal ing law discovered  
by Li land and Pilkuhn [2] except for the l I P  o 
factor  on the lef t -hand side. Thus HLF predic ts  
the way the va r i ab le s  scale  in the Li land-  
Pi lkuhn (L-P) law but the magnitude differs by 
a factor  of Po" For  the data compar i son  made 
by L - P ,  the rat io of the predic t ions  H L F / L - P  = 
70/19.2 = 3.64, which is outside the quoted error 
in the 70 GeV/c data of + 50~c [3]. 
We can summarize the predictions of HLF as 
follows. The fast-lab region, Pin ~ 5 GeV/c, is 
populated by fragments of the beam and the den- 
sity of events is proportional to I/P o at a given 
value of P± and X = P /Po. Or in other words, 
(2~p l )-1 dq/dP± dX is"a function only of X and 
P±. In the c .m.,  as we inc rease  Po,  the events 
s imply get ' s t re tched out' in the _-~ d i rec t ions  
by an amount coP 0 ~ (½MTPo) 1/2 solthat the den-  [ * , 
sity (2uP±)- d(~/dP±dP is propor t ional  to 1/P^ 
• , , [~ v 
a t a g i v e n  X = P / P ^  This  makes 
1 . , U "  . * 
(2~P±)- d~/dP± dX a funchon only of X and P~. 
This behavior, predicted by HLF, agrees 
precisely with that predicted by Feynman [4] for 
what he calls an 'inclusive' measurement. We 
now turn to the question of whether present ex- 
perimental data agree with the prediction. 
Comparison with experiment. The HLF makes 
no predic t ions  as to the var ia t ion  of the c ross  
sect ion at a given Po with respec t  to the v a r i a -  
b les  P± and P~L" We must  therefore  compare  data 
at different  beam m o m e n t a P o ,  using eqs.(3),(4), 
or  (5), which re fe r  to the f a s t - l ab  region.  We can 
divide the quest ion into two par t s :  a)Does  the 
funct ional  dependence on the va r i ab le s  (i.e.,  the 
shape) of the c ross  sect ions  agree  with the r igh t -  
hand side of (5)? b) Do the magni tudes  of the c ross  
sect ions agree  with (5) ? The second quest ion is 
more  difficult to answer  at p resen t  s ince  it ap-  
pea rs  to us that normal iza t ion  uncer ta in t i es  of 
as much as a factor  of 1.5 can exist  in any given 
exper iment ,  and data from a single exper iment  
in which Po was var ied  s ignif icant ly a re  very  
scanty in k inemat ic  regions where they can be 
compared.  
Pion data. As we have a l ready mentioned,  the 
observa t ions  of Li land and Pi lkuhn in compar ing 
~- product ion by protons on a luminum at 19.2 
and 70 GeV/c a re  in very  good agreement  with 
HLF as far  as the shape of the data is concerned.  
However,  the magnitude of the 70 GeV/c data is  
a factor  of ~ 3.5 too smal l  to agree  with HLF. H 
the normal iza t ions  of the two exper iments  a re  
co r r ec t  then it is c lear  that HLF must  be aban-  
doned, or at leas t  that it is not a useful concept 
at p resen t  energies .  We d iscuss  this point l a te r  
in the a r t ic le .  
In fig. 1 we show data on production of fast  ~± 
by protons [5]. The 30 GeV/c data taken at 
15 mrad  a re  compared with 19.2 GeV/c data at 
15(30/19.2) = 23.4 mrad  (interpolated between 20 
and 30 mrad).  The agreement  with HLF is r a th -  
er  good, both in shape and in magnitude.  We 
a lso  show the 70 GeV/c data for ~- produced by 
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Fig. 1. a) ~+ production compared at 19.2 and 30 
GeV/c,  and 7r- production compared at 19.2, 30, and 
70 GeV/c. b) 7r + and 7r- production compared at 18.8 
and 23.1 GeV/c. (Read lower left-hand scale.) The 
production angles quoted are  the true angles t imes 
(30/Pc) in accordance with eq. (5) in text. 
p r o t o n s  on a l u m i n u m ,  f o r  0 = 15(30/70) = 
6.4 m r a d  ( i n t e r p o l a t e d  f r o m  0, 6, 12 m r a d  data) .  
We h a v e  d iv ided  the  a l u m i n u m  da ta  by 9 to c o m -  
p a r e  i t  to hyd rogen  $. In th i s  c a s e  the  a g r e e -  
m e n t  in shape  is  s t i l l  good but the  70 G e V / c  da ta  
i s  too low by a f a c t o r  of ~ 3.5. We a l s o  show on 
f ig .  1 s o m e  z e r o  d e g r e e  ~± da ta  taken in a s i n g l e  
e x p e r i m e n t  at  18.8 and 23.1 G e V / c .  Aga in  the  
s h a p e s  a g r e e  but  the  m a g n i t u d e s  m a y  be  off, 
p a r t i c u l a r l y  f o r  the  ~+ c a s e .  We h a v e  a l s o  c o m -  
p a r e d  da ta  on ~± p r o d u c t i o n  by p r o t o n s  on Be  
f r o m  12.5 to 30 G e V / c  [6] and f ind good a g r e e -  
m e n t  in s h a p e s  but  a r e  unable  to r e a c h  any c o n -  
c l u s i o n s  about  m a g n i t u d e s ,  p o s s i b l y  b e c a u s e  of 
n o r m a l i z a t i o n  u n c e r t a i n t i e s  in the  data .  
We r e g a r d  th is  a g r e e m e n t  in shape ,  o v e r  
s e v e r a l  o r d e r s  of m a g n i t u d e ,  a s  r a t h e r  s t r i k i n g  
c o n f i r m a t i o n  of the  v a r i a b l e - s c a l i n g  p r e d i c t i o n s  
-~ Evidence for the cor rec tness  of this aluminum/hy- 
drogen factor is discussed in ref. [2], but an uncer-  
tainty of J: 20% should probably be considered. 
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Fig. 2. Proton production compared at 12.4, 18.8, 19.2, 
20, and 30 GeV/c.  The production angles have been 
scaled as in fig. 1. Some typical experimental  e r r o r s  
a re  shown. 
of H L F .  F o r  e x a m p l e ,  the  19.2 G e V / c  da ta  d i s -  
a g r e e  wi th  the 30 G e V / c  da ta  by a s  m u c h  a s  two 
o r d e r s  of m a g n i t u d e  if we m a k e  the  c o m p a r i s o n  
in unscaled v a r i a b l e s .  
We men t ion  f u r t h e r  suppo r t  f o r  H L F  po in ted  
out by Yang  [7] fo r  the  bubble  c h a m b e r  da ta  of 
Smi th  et  al .  [8]. The  i n t e g r a t e d  Pj_ and P*  d i s -  
t r i b u t i o n s  f o r  o b s e r v i n g  ~± f r o m  v a r i o u s  t o p o l o -  
g i e s  a p p e a r  to have  a p p r o x i m a t e l y  the  c o r r e c t  
P c  dependence .  The  P± d i s t r i b u t i o n s  shou ld  be  
independen t  of P c ,  and the P*  d i s t r i b u t i o n s ,  
which  the  e x p e r i m e n t e r s  f i t  to ~-  exp (-(~P*),  
should give oe cc (Po) -~%" 
Proton data. In fig. 2 we show cross sections 
for fast-lab protons (>~ 4 GeV/c) produced in pp 
collisions at 12.4, 18.8, 19.2, 20, and 30 GeV/c 
[9]. The 12.4 and 19.2 GeV/c data were interpo- 
lated in angle. The 18.8 and 20 GeV/c data were 
taken directly as published but are at slightly 
wrong angles. Again we regard the shape agree- 
ment as very impressive. The agreement in 
magnitudes is also reasonably good although not 
as conclusively in favor of HLF because of pos- 
sible normalization uncertainties. There may 
503 
Volume 32B, number 6 P H Y S I C S  L E T T E R S  17 August 1970 
also be some sys t ema t i c  va r ia t ion  with Po  and 
angle. 
Discussion. The a g r e e m e n t  of p r e sen t  data 
with the v a r i a b l e - s c a l i n g  predic t ion  of HLF is  
ve ry  i m p r e s s i v e  as  r e g a r d s  both pion and proton 
f r agmen t s  of a proton beam par t i c l e .  T h e r e  
may be some sys t ema t i c  deviat ions  f r o m  the 
p red ic ted  shapes,  but p re sen t  data do not span 
the k inemat ic  regions  ex tens ive ly  enough to a l -  
low any conclusions of this type to be drawn. As 
noted by Benecke  et al.  [1], the c r o s s  sec t ion  
ra t ios  K - / ~ -  and ~ / ~ -  [3] a r e  in r a t h e r  good 
a g r e e m e n t  with the v a r i a b l e - s c a l i n g  pred ic t ion  
of HLF.  It is impor tant  to note, however ,  that 
this  does not tes t  the magni tude-sca l ing ,  which 
is  perhaps  a m o r e  s t r ingent  test .  It would be in-  
t e r e s t i n g  to tes t  the v a r i a b l e - s c a l i n g  law using 
other  beam p a r t i c l e s  and a lso  to see  whether  the 
dis t r ibut ion of t a rge t  f r agmen t s  depends on the 
type of beam par t ic le .  
The a g r e e m e n t  of p resen t  data with the mag- 
nitude of the c ro s s  sect ions  p red ic ted  by HLF is ,  
in our opinion, inconclus ive .  If the n o r m a l i z a -  
t ions of the two exper iments  on ~- product ion 
f r o m  A1 at 19.2 and 70 GeV/c  a r e  c o r r e c t  then 
the magnitude predic t ion  of HLF is  badly v i o -  
lated,  s ince  the data at 70 GeV/c  is a fac tor  of 
~ 3.5 too sma l l  along the l ine P~ ~ 0, and ove r  a 
wide range  of P,,.  Since the total  c r o s s  sect ion 
fo r  making ~- is obviously not a fac to r  of 3.5 
s m a l l e r  at 70 than at 19.2 GeV/c ,  this would 
mean  that the ~- must  be r eappea r ing  in other  
k inemat ic  regions  which have so fa r  not been in-  
ves t iga ted .  (There  is no evidence for  this at the 
few isola ted  wider  angle points shown in ref.[2]).  
This  is  turn would mean that the shape p r e d i c -  
t ions of HLF would have to be v iola ted  s o m e -  
where ,  which does not appear  l ikely based  on 
p r e sen t  data. We suspect ,  then, that the r e l a t ive  
normal i za t ion  of the 19.2 and 70 GeV/c  a l u m i -  
num data may be off by a fac to r  of ~ 3.5. 
Whether  HLF appl ies  at p resen t  ene rg ie s  can 
be conclus ive ly  tes ted  with p re sen t  techniques  by 
va ry ing  Po in a s ingle  exper iment  ove r  as wide a 
range  as poss ib le ,  while scal ing the e x p e r i m e n -  
tal  va r i ab l e s  accord ing  to eq. (5). 
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